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ABSTRACT We present a method to implement signal averaging using wavelet transforms. Signal
averaging plays an essential role in reducing noise from physical experiments, but is currently performed
outside wavelet transforms and removes the information of individual data points or experimental scans.
We introduce the conditions that need to be satisfied to implement signal averaging using wavelet
transforms, showing that only the Haar wavelet can be used to obtain signal-averaged information. Our
method identifies the wavelet component that contains the signal-averaged value and develops a procedure
to recover it. The method is tested on model data using varied amounts of Gaussian and Poisson noise at
different data lengths as well as experimental data from the Electron Spin Resonance (ESR) spectroscopy.
While the Haar wavelet is successful in obtaining the mean, other wavelets yield weighted averages. The
incorporation of this method enables signal averaging and analysis to be carried out simultaneously in
the wavelet domain, expanding the application of wavelet transforms and improving wavelet analysis.
The code is available via GitHub and denoising.cornell.edu, as well as the corresponding author’s group
website (signalsciencelab.com).
INDEX TERMS wavelets, wavelet transforms, signal averaging, haar wavelet, signal denoising, noise
reduction

I. INTRODUCTION

AVELET transforms [1] play an essential role in
signal analysis and processing for a variety of applications [2]–[7], which has enabled its widespread use
in microscopy [8], [9], magnetic resonance spectroscopy
[10], denoising [11]–[15], noise filtering [16], compression
[17], [18], and fault diagnosis [19], among others. Signal
averaging [20], on the other hand, is the backbone of noise
reduction in physical signals [21]–[26] to obtain high fidelity
signals, especially in spectroscopy and microscopy [27]–
[30]. However, signal averaging eliminates the information
of individual scans and hence limits the application of
wavelet transforms in many biophysical and biomedical
methods in analyzing localized information of individual
scans, for which wavelet transform is a powerful method
[31]. Hence, it is necessary to implement signal averaging
in the wavelet domain that enables optimal wavelet-based
signal analysis without compromising the signal fidelity.
We present a method here that enables signal averaging
in the wavelet domain. An essential feature is the use
of the "Haar" wavelet [32], which is the only wavelet
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that enables signal averaging in the wavelet domain. Other
wavelets, such as "Daubechies", "Symlet" and "Coiflet" use
weighted averaging, which causes the output to deviate
from the actual value and yields erroneous solutions. Using
the Haar wavelet, we show that signal averaging in the
wavelet domain can be accomplished by 1) taking the
wavelet transform at full decomposition level N in the scan
dimension (i.e. N = log2 (n), where n is the number of
input signal scans, 2) reducing all of the Detail components
to 0, and 3) preserving the Approximation coefficients that
contain the average information. To demonstrate the efficacy
of the Haar wavelet and the new procedure, we demonstrate
through theorems that:
1) The coefficients of a wavelet matrix in the first row
and column must all be 1 to obtain the information
of average value of the input signal. This translates
into scaling function or low pass filter of wavelet
constituting only of 1’s.
2) All of the elements of the reconstructed signal contains the average value when all of the wavelettransformed coefficients, except the first one, are
1
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Symbol
N
n
W
wij
m
M
p
f [x]
x
f 0 [x]
y
F [y]
Hl
l
hij
noise[x]
S[p]
Dj
Dj [k]
Aj
Aj [k]
ψ
φ
σ
j
r
c

Description
Maximum decomposition level
Number of input signal scans
Wavelet transform matrix
Coefficient of a wavelet matrix W at the ith row
and j th column
Length of output
Length of input signal
Index of input signal in a single scan
Input signal
An individual scan of the input signal f [x]
Reconstructed signal
A coefficient of the reconstruction for an individual scan
Wavelet transformed output (coefficients)
Haar transform matrix of level l
Level of Haar matrix
Coefficient of a Haar matrix H at the ith row
and j th column
White Gaussian, Poisson, or any other random noise
Original signal without noise
Detail component at decomposition level j
Detail coefficient at index k at decomposition level j
Approximation component at decomposition level j
Approximation coefficient at index k at
decomposition level j
Wavelet function
Scaling function
Standard deviation of noise
Decomposition level
Row of the Haar matrix
Column of the Haar matrix

II. MATHEMATICAL FORMULATION

A wavelet transform can be represented in matrix form in
the following way:
Wm×n f [x]n×1 = F [y]m×1

where f [x] is the input data with length n, F [y] is the
wavelet-transformed output data with length m, and W is
the wavelet transform matrix of dimensions m × n.
The inverse wavelet transform can be obtained as
WT F [y] = f [x]

2

(2)

where W T is the transpose of the wavelet matrix W , such
that W T = W −1 . This is essentially the condition for an
orthogonal matrix.
Theorem 1: Given an orthogonal wavelet matrix W , the
average information of the input data f [x] can be obtained
in wavelet domain if and only if the first row and first column
of the W matrix is occupied by all 1’s.
Proof. Let W be given as,

W=

w11
 ..
 .

1
2N/2

wm1

TABLE 1. List of symbols used and corresponding explanation.

replaced with 0. This translates into only retaining
the Approximation coefficient at N th decomposition
level, while zeroing the Detail components. The Approximation coefficient at N th decomposition level
must a single value.
3) The Haar wavelet satisfies the above conditions with
its rectangular functional form and the Haar wavelet’s
mathematical formulation shows its universality in
implementing averaging.
Using a model and an experimental case, we show that
our method yields same results as signal averaging. We also
compare the Haar wavelet with other wavelets and show that
they do not yield the desired results. We provide code to
implement signal averaging in the wavelet domain as well
as the code used to generate model data and carry out the
analysis.
The paper is organized as follows. In section II, we
provide a mathematical formulation of the wavelet transform
and theorems that demonstrate the conditions necessary for
signal averaging in the wavelet domain. In section III, we
illustrate the procedure for implementing signal averaging
using Haar wavelets. In section IV, we describe the model
and experimental data that is used to test our new waveletbased signal averaging method, as well as the other wavelets
used to compare the results. Section V discusses the results
and Section VI summarizes the method and findings in the
Conclusion.

(1)

...
..
.
...


w1n
.. 
. 

(3)

wmn

where N = f loor(log2 (n)) is the maximum decomposition level of DWT.
Therefore, Wf [x] can written as,


w11
 ..
 .

1
2N/2

Wf [x] =

wm1

...
..
.
...



w1n
f [x1 ]
..   .. 
.  . 
wmn

(4)

f [xn ]


Wf [x] =

1
2N/2


w11 f [x1 ] + · · · + w1n f [xn ]


..


.
wm1 f [x1 ] + · · · + wmn f [xn ]

(5)

From equation 2, we know that WT Wf [x] = WT F [y].
Hence, by multiplying by the inverse matrix WT , we get


w11 . . . wm1
1 
..  F [y]
..
(6)
WT Wf [x] = N/2  ...
.
. 
2
w1n . . . wmn

WT Wf [x] =

1
2N/2

w11
 ..
 .
w1n

...
..
.
...



wm1
F [y1 ]
..   .. 
.  . 
wmn

(7)

F [ym ]


WT Wf [x] =

1
2N/2


w11 F [y1 ] + · · · + wm1 F [ym ]
 w12 F [y1 ] + · · · + wm2 F [ym ] 



 (8)
..


.
w1n F [y1 ] + · · · + wmn F [ym ]
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As

1
2N/2

divides each entry, the first value of WT F [y] is
w11 F [y1 ] + · · · + wm1 F [ym ]
=
2N
w11 w11 f [x1 ] + · · · + wm1 w1n f [xm ]
2N

(9)

As N = log2 n, 2log2 n = n, which is the length of the
input signal f [x]. The above equation can be rewritten as,
w11 F [y1 ] + · · · + wm1 F [ym ]
=
n
(10)
w11 w11 f [x1 ] + · · · + wm1 w1n f [xm ]
n
As the wavelet coefficients of the first row and first
column are multiplied by the values of f [x] in the R.H.S.,
the above value in equation 10 can only return an average
when all of the values of the first row and first column is
equal to 1.

From Theorem 1, we know that w11 = w12 = · · · =
w1n = 1. Therefore, the equation 15 can be given as,


f [x1 ] + · · · + f [xn ]
1 

..
(16)
f 0 [x] = N 

.
2
f [x1 ] + · · · + f [xn ]
As N = log2 n, 2N = 2log2 n = n. Therefore,


f [x1 ] + · · · + f [xn ]
1

..
f 0 [x] = 

.
n
f [x1 ] + · · · + f [xn ]

(17)

Thus, as shown in equation 17, we can obtain the reconstructed signal f 0 [x] in which each of its element is the
average of the input signal f [x] if we set F [y2 ] = F [y3 ] =
· · · = F [ym ] = 0.
Theorem
3: Given
a Haar
wavelet
with initial matrix




h11 h12
1
1
1
H =
, one can reconstruct a
= √2
1 −1
h21 h22
wavelet matrix W as in Theorem 1 where first row and
first column contains all the ones, i.e., w11 = h11 =
1, w12 = h12 = 1, . . . , w1m = h1m = 1 and w11 =
h11 = 1, w21 = h21 = 1, . . . , wn1 = hn1 = 1. Thereby,
the Haar wavelet can accurately average an input signal in
the wavelet domain.
1

Theorem 2: Given that the wavelet-transformed coefficient F [y1 ] is retained while every other element in the
vector F [y] is zeroed, the inverse wavelet transform (W T )
applied to F [y] would return the average of the input signal
f [x] in each row of the reconstructed vector f 0 [x].
Proof. From equation 2, we know that
WT Wf [x] = WT F [y] = f 0 [x]

(11)




F [y1 ] = w11 f [x1 ] + · · · + w1n f [xn ]
1


..
f 0 [x] = N/2 WT 

.
2
F [ym ] = wm1 f [x1 ] + · · · + wmn f [xn ]
(12)
After replacing w11 = w12 = · · · = w1n = 1 (cf.
Theorem 1), the above equation can rewritten as,



F [y1 ] = f [x1 ] + · · · + f [xn ]
1


..
f 0 [x] = N/2 WT 
 (13)
.
2
F [ym ] = f [x1 ] + · · · + f [xn ]
While retaining F [y1 ] and assigning F [y2 ] = F [y3 ] =
· · · = F [ym ] = 0, the above equation can be written as,


f [x1 ] + · · · + f [xn ]


0
1


f 0 [x] = N/2 WT 
(14)

..


2
.
0
Expanding WT in the matrix form yields,

0

f [x] =

1

1

2N/2 2N/2

w11
 w12

 ..
 .

...
...
..
.



wm1
f [x1 ] + · · · + f [xn ]


wm2 
0





..
..



.
.

w1n

...

wmn

0
(15)
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Proof. A Haar matrix (H 1 ) is defined as:




1 1 1
h11 h12
1
H =
=√
h21 h22
2 1 −1

(18)

Note: Haar matrices for input data of length 21 , 22 , and 23 ,
or of levels 1, 2, and 3, respectively, will be denoted by H l
where l is the level of matrix.
To generate a Haar matrix with higher dimensions H l ,
one can recursively use H 1 in a tensor product to obtain
it. For instance, a level 2 Haar matrix H 2 that results in
dimensions 4 × 4 can be generated as,
H2 = H1 ⊗ H1

h11
 h21
2

H =
 h11
h21


h12
·h
h22  11
h12
· h21
h22


h11 h11
h11 h21
2

H =
h21 h11
h21 h21

h11 h12
h11 h22
h21 h12
h21 h22

(19)


h11
h21
h11
h21



h12
· h12 
h22 


h12
· h22
h22

(20)

h12 h11
h12 h21
h22 h11
h22 h21


h12 h12
h12 h22 
.
h22 h12 
h22 h22

(21)

Numerically, equations 20 and 21 can




1 1
1
√1
√1
·
1
2 1 −1
2 1
1 
2



H =√ 
2  √1 1 1 · 1 √1 1
2 1 −1
2 1

be written as


1
·1 
−1
 (22)

1
· −1
−1
3
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1
1
1
2
H = 
2 1
1

1
−1
1
−1

1
1
−1
−1


1
−1

−1
1

(23)
f [x]

It can be seen from equations 20 and 21 that each element
of the first row contains the multiplication of h11 and
h12 . This is also true for higher dimensions, where h11
and h12 will be recursively applied in different orders. As
h11 = h12 = 1, each row element in the H l will be 1.
Mathematically, it can be written as,

DW T
(Haar)

D1

0 x D1

D2

0 x D2

D3

0 x D3

DN

0 x DN

f 0 [x]
AN

l
Hr=1
= Πlz=1 h1j

AN

(24)

where j is either 1 or 2, z is the index of the level, and
r is row number.
Similarly, each element of the first column contains the
multiplication of h11 and h21 for any dimension H l , and as
h11 = h21 = 1, the first column vector will also consists of
all 1’s. Mathematically, it can be written as,
l
Hc=1
= Πlz=1 hj1

IDW T
(Haar)

(25)

where j is either 1 or 2, z is the index of the level, and
c is column number.
Thus, as shown in equations 24 and 25, the Haar wavelet
satisfies theorem 1 and can be used to used to perform signal
averaging in the wavelet domain.
III. IMPLEMENTING SIGNAL AVERAGING USING HAAR
WAVELETS

Algorithm 1 describes the implementation of signal averaging in the wavelet domain, while the block diagram of
the process is shown in the Fig. 1. The subsections below
discuss each step.
Algorithm 1: Signal Averaging in Wavelet Domain
1: Obtain an input signal f [x] associated with noise
and a constant signal
2: Find the maximum decomposition level N of the
input signal, i.e. N = blog2 (n)c, where n is the
length of the input signal.
3: Take the Discrete Wavelet Transform at level N
using the Haar wavelet.
4: Assign all of the Detail coefficients at all levels to
zero, i.e. Dj0 [k] = 0 × Dj [k] ∀k, j ∈ [1 : n]
5: Retain the Approximation coefficient at the
decomposition level N , i.e. AN .
6: Take the Inverse Discrete Wavelet Transform with
Dj0 and AN at the N th decomposition level.

FIGURE 1. Block diagram for signal averaging in wavelet domain

from the scan dimension of length n, i.e. the data that
is averaged to obtain the original signal. In this case, the
original signal, say S is of length M and is collected n
times, which forms a second dimension called the "scan
dimension." The wavelet transform is taken in the scan
dimension for each original signal data point. The input
signal f [x] is defined as,
f [x] = S[p] + noise[x]

(26)

where noise is white Gaussian, Poisson or any other random noise, x ∈ [1, n], and p ∈ [1, M ]. For a noise-free data,
noise[x] = 0, and hence f [x1 ] = f [x2 ] · · · = f [xn ] = S[p].
B. STEP 2: HAAR WAVELET TRANSFORM

To obtain the wavelet coefficient representing the mean
value, the discrete wavelet transform (DWT) of the input
signal f [x] is taken using Haar wavelets at the highest decomposition level possible, i.e., N = blog2 (n)c, which also
corresponds to l in Haar matrix H l . This yields N Detail
components and one Approximation component, which can
be mathematically written as,
Dj [k] =

n−1
X

f [x]2j/2 ψ[2j x − k]

(27)

f [x]2j/2 φ[2j x − k]

(28)

k=0

Aj [k] =

n−1
X
k=0

where Dj [k] and Aj [k] are the Detail and Approximation
components, respectively, at decomposition level j; f [x] is
the discrete input signal defined in equation 26; ψ[2j x − k]
is the wavelet function of the Haar wavelet; and φ[2j x − k]
is the scaling function of the Haar wavelet. In MATLAB,
the Detail and Approximation components can be obtained
using wavedec function.

A. STEP 1: DATA REPRESENTATION FOR WAVELET
TRANSFORM

C. STEP 3: SETTING DETAIL COMPONENTS TO ZERO
UP TO MAXIMUM DECOMPOSITION LEVEL

The input signal f [x] is a constant signal with a variable
random noise. It is realized as the 1D data that is collected

Based on Theorem 1, the Approximation component of the
Haar wavelet transform at decomposition level N contains

4
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the signal average value. It is a single coefficient vector
representing F [y1 ] in the Theorem 2. To retain F [y1 ] and
zero out F [y2 ] . . . F [ym ], as described in the Theorem 2, the
coefficients of all of the Detail components are replaced with
0. Detail components, by definition, measure the changes
in the input signal and is represented by F [y2 ] . . . F [ym ].
Mathematically, it can be simply written as,
Dj0 [k] = 0 × Dj [k]

(29)

where Dj0 [k] is the zeroed Detail coefficient.
D. STEP 4: INVERSE HAAR WAVELET TRANSFORM

The signal-averaged information in the Approximation component at N th decomposition level can be successfully
reconstructed from the wavelet domain to the signal domain
via the Inverse Haar Wavelet Transform (cf. equation 15).
It can realized using the following equation:

f 0 [x] =

n−1
X

AN [k]φ[2j x − k] +

k=0

N n−1
X
X

Dj0 [k]ψ[2j x − k]

j=1 k=0

(30)
It is essential to note that each element in the reconstructed f 0 [x] vector contains the signal-averaged value and
is the same, i.e. f 0 [x1 ] = f 0 [x2 ] = · · · = f 0 [xn ].
IV. EXPERIMENTS
A. MODEL DATA GENERATION

As signal averaging is mainly used to reduce noise in
experimental methods, the model data was generated using
Gaussian and Poisson noise (the most common noises) with
lengths of 16, 64, and 128, and standard deviations of 1, 1.5,
and 2 before being transformed and plotted. The different
lengths will ensure that the results hold true for various data
sizes and using both Gaussian and Poisson noise will ensure
random data yields the same results even when the data is
not uniformly random.
A vector was created for the each of the given lengths
and standard deviations. The MATLAB functions awgn
and poissrnd were used to generate vectors for Gaussian
and Poisson noise, respectively. The MATLAB function
awgn calculates the signal to noise ratio in decibels, so the
logarithm of the standard deviation was taken and multiplied
by 10 before being used as the SNR. For Poisson noise, the
standard deviation was squared before being entered as the
variance in the built-in function poissrnd.
The noise was generated and saved at the beginning of the
file before being transformed to prevent the generation of
different noise each run, which would not allow for accurate
comparisons. Although we show a single instance of noise,
we ran multiple noise simulations for testing the universality
of the results. Refer to the Code Availability section to
access the associated codes.
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B. EXPERIMENTAL DATA

Experimental 2D data was also used for testing the signal
averaging, where one dimension is the signal and the second
dimension contains individual scans to be averaged. In the
2D format, columns contain the signal data and rows contain
the scan data.
For experimental data (cf. Fig. 3), an Electron Spin
Resonance (ESR) spectrum was obtained on a home-built
(ACERT) 95 GHz ESR spectrometer [33] with a dc magnetic field of 3.3 Tesla at 25◦ C. The sample here contained
ca. 5 µL of phospholipid vesicles doped with 0.5% of a lipid
spin label: 16-PC (1-acyl-2-[16-(4,4-dimethyloxazolidineN-oxyl)stearoyl]-sn-glycero-3-phosphocholine) in the fluid
phase that had been suspended in water. It was placed in
a disc-like sample holder utilized for millimeter-wave ESR
methodology [33]. The acquisition parameters were: sweep
width of 250 G, sweep time of 2 min with a time constant
of 100 ms. The millimeter-wave power was 16 mW and
the spectrum consists of 512 points. The field modulation
parameters were: 6 G modulation amplitude and 100 kHz
modulation frequency. The time between scans was 3 s.
C. WAVELETS FOR COMPARISON

The reconstructions of the signal by various wavelet families
were compared to the average value of the signal. For both
noise and experimental data, wavelet transforms in certain
families were compared with the mean value of the data.
For noise, wavelets in the Haar, Daubechies (db1 to db10),
symlet (sym1 to sym7), and coiflet (coif1 to coif5) families
were compared to the mean values. For 2D data, the same
was done for the Haar, coif3, db6, and sym6 wavelets.
The first data point of the reconstructed data was used to
compare to the mean. This process was used for both noise
and experimental data.
V. RESULTS

Fig. 2 displays the wavelet reconstructed signal and average
for Gaussian and Poisson noise. The two plots should
intersect at the points when the transform returns the average
value of the noise for a wavelet. In Fig. 2-A1, the transforms
of the Daubechies family are plotted against the average
for nine different noise vectors generated from Gaussian
noise. The x-axis has 11 values for the 10 wavelets in the
Daubechies family and the Haar wavelet, which is plotted as
the first value in all of the plots. Each of the nine vectors has
a unique length and standard deviation pair. In Fig. 2-A1,
the only time the Daubechies transform, in red, is equal to
the mean, in blue, is for the first and second points, which
are the Haar and db1 wavelets. Note that db1 is another
name for the Haar wavelet. Similarly, in Fig. 2-A2, the
Daubechies family is compared to the average of the noise
vectors from Poisson noise. Figs. 2-B1, 2-B2, 2-C1, and 2C2 follow the same procedure but for the symlet and coiflet
families. In each of these plots, the only intersection occurs
at the first point, which is the Haar transform for all plots.
Thus, the only wavelet that returns an accurate average here
5
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FIGURE 2. Comparison of results from different wavelets with the signal averaging. Haar wavelet is included in each plot as the first data point. A1) Daubechies
wavelets compared to mean values of Gaussian Noise. A2) Daubechies wavelets compared to mean values of Poisson Noise. B1) Symlet wavelets compared to
mean values of Gaussian Noise. B2) Symlet wavelets compared to mean values of Poisson Noise. C1) Coiflet wavelets compared to mean values of Gaussian
Noise. C2) Coiflet wavelets compared to mean values of Poisson Noise. σ is the standard deviation of noise with mean 0; h represents Haar wavelet; index in x-axis
represent the individual wavelet in a family, e.g. ’1’ means db1 in the subplot A1.
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FIGURE 3. a) 2D Representation of stacked individual scans; b) Signal
average value of the 2D representation; Results of c) Haar wavelet, d) coif3
wavelet, e) db6 wavelet, and f) sym3 wavelet overlapped with signal averaged
values of individual scans.

is the Haar wavelet. This is because it satisfies the theorems
mentioned above, unlike other wavelets that yield weighted
averages.
Fig. 3 compares the reconstruction of the 2D experimental
signal by various wavelets to the mean. It can be seen in
Fig. 3c that utilizing Haar wavelet yields the signal averaged
data, while the other wavelets (coif 3, db6, and sym3)
generate nonzero errors. The point-wise error is shown in
Fig. 4 and overall error is mentioned in Table 2. Table 2
also shows the error associated with wavelets in the Coiflet,
Symlet and Daubechies families.
VI. CONCLUSION

This paper presents a method to successfully carry out
signal averaging in the wavelet domain. Through rigorous
mathematical theorems and model and experimental cases,
the paper demonstrates that only the Haar wavelet satisfies
the necessary conditions and can be used for finding the
mean. Other wavelets carry out the weighted average of the
input signal and hence, yield error.
The presented method addresses an essential problem in
experimental methods by enabling both signal averaging
and analysis to be carried out simultaneously. The standard
VOLUME 4, 2016
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FIGURE 4. a) Point-wise error of a) Haar wavelet, b) coif3 wavelet, c) db6
wavelet, and sym3 wavelet compared to the signal averaged value.
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sym3 wavelet
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TABLE 2. Experimental Data Results: Overall error of wavelet reconstructed
signal w.r.t signal averaged data in the scan dimension. Note that db1 is
another name of Haar wavelet.

Wavelets
1
2
3
4
5
6
7
8
9
10

Haar
0
N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A

coif
0.043387
0.025437
0.018971
0.035041
0.035592
N/A
N/A
N/A
N/A
N/A

sym
0.067307
0.037124
0.038077
0.049969
0.031488
0.034024
0.027626
N/A
N/A
N/A

db
0
0.067307
0.037124
0.031347
0.039215
0.03272
0.019206
0.032809
0.025481
0.018689

procedure of first averaging in the signal domain limits the
signal analysis in the wavelet domain, as signal averaging
removes the information of associated with individual scans.
By enabling signal averaging in the wavelet domain, signal
analysis can be conducted simultaneously and optimally
without losing any experimental information. As shown
with the experimental case, asymmetric multidimensional
wavelet representation will be used for experimental applications such as in spectroscopy, microscopy and imaging,
where signal averaging is an integral part of data collection.
Our future work involves developing asymmetric wavelet
transforms, where Haar wavelet is used in the scan dimension for signal averaging information and other wavelets are
used in the signal dimension to carry out signal analysis.
CODE AVAILABILITY

We maintain a GitHub repository (https://github.com/
Signal-Science-Lab/Signal-Averaging-in-Wavelet-Domain)
containing MATLAB scripts to replicate our simulations
and other analyses. The codes can also be found at https:
//denoising.cornell.edu/ and the Signal Science Lab website
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(https://signalsciencelab.com/). The code is also available by
reaching out to the authors.
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